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ABSTRACT: 

A production inventory model for decaying items with multi-variate demand and variable holding cost has 

been developed. Demand rate function depends upon the present inventory level and the selling price per 

unit during production phase, then during deterioration, it is a decreasing quadratic function and during 

backlogging, it is a constant. Shortages are permitted with partial backlogging. The backlogging rate is 

waiting time for the next replenishment. Finally, numerical examples are presented to demonstrate the 

developed model and solution procedure. The sensitivity analysis is applied on the effect of the major 

parameters. 
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1. INTRODUCTION 

A new concept, but a common sense conclusion. It is a general observation that a          In the classical 

inventory models, the demand rate is regularly assumed to be either constant or time-dependent or stock 

dependent but independent of the selling price. If the goal is to minimize the cost, then a stock-dependent 

demand rate causes a lower level of inventory than the traditional EOQ model with a constant demand rate. 

It defeats the purpose of a stock-dependent demand rate that is desirable to maintain large inventory for 

potential profits obtained from the increased demand. 
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The dependence of the sale of any item on its selling price is not n increase in the selling price of the 

commodity will deter its customer’s from opting that item in future. However, a dip in the selling price, in 

whatever form it may come, always notices a sudden increase in the demand rate, as a reduction in prices 

encourages the customers to buy more. 

In many real-life situations, the practical experiences reveal that some but not all customers will wait 

for backlogged items during a shortage period, such as for fashionable commodities or high-tech products 

with short product life cycle. The longer the waiting time is, the smaller the backlogging rate would be. 

According to such phenomenon, taking the backlogging rate into account is necessary. However, most of the 

inventory models unrealistically assume that during stock out either all demand is backlogged or all is lost. 

In reality often some customers are willing to wait until replenishment, especially if the wait will be short, 

while others are more impatient and go elsewhere. The backlogging rate depends on the time to 

replenishment-the longer customers must wait, the greater the fraction of lost sales. 

2. ASSUMPTIONS AND NOTATIONS 

Assumptions: 

1. The demand rate is a known function and varies during the ordering cycle in the time interval as shown 

below: 

1
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1 2

2
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p I t t t

D t at b t t t

D t t T

α β+ < <
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 < <

 …(1) 

Where ( )pα is a non-negative function of the selling price ‘p’ and β, a, b, D are non-negative 

constants. 
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2. To make the production cycle repeatable, we assume that the initial and ending inventory level 

during the production cycle are same, i.e. Q, (Q>0). 

3. The replenishment occurs immediately at a very large rate. 

4. The deterioration rate is constant and there is no replacement of the deteriorated items. 

5. Holding cost is linear increasing function of time. 

6. Shortages are allowed with partial backlogging. 

7. The backlogging rate is waiting time for the next replenishment. 

Notations: 

θ   The constant deterioration rate, 0 1θ< <  

1t   The productions run time (decision variable) 

2t   The time at which shortages starts 

T  The length of ordering cycle (it includes the backlogging duration after the production cycle) 

K  The production rate 

I(t)  The inventory level at time t, Q<I(t)<P 

P  The maximum inventory level during the production cycle 

1

1 ( )T tδ+ −
 Backlogging rate 

hC tγ+  Holding cost per unit per unit time 

dC   Deterioration cost per unit per unit time 

SC   Shortages cost per unit per unit time 

LSC   Lost sale cost per unit per unit time 
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3.MATHEMATICAL MODEL 

With an initial inventory level ‘Q’, the production starts at t = 0 till t = t1 when the maximum 

production level ‘P’ is reached. Here the production is stopped and the inventory gradually deteriorates to 

‘Q’ at t= t2. Then the inventory level further depletes to zero due to partial backlogging. The objective of the 

inventory is to optimize the length of the cycle and the shortages point to minimize the total cost. Here 

shortages are allowed to occur during the time interval [t2,T]. During this interval, all the demands are 

partially backlogged. The graphical representation of the inventory system is shown in figure 1. During 

inventory interval [0, t1] a production rate starts where the inventory level attains its maximum value P. 

Hence the differential equation representing the inventory is: 

( )
( ) ( ( ), )

dI t
I t dt K D I t p

dt
θ+ = −  10 t t≤ ≤  …(2) 

Where I(0) = Q 

During deterioration phase of the inventory, i.e. in interval [t1, t2], the inventory level decreases due to 

constant deterioration as well as the demand rate. Hence the differential equation is represented as: 

( )
( ) ( )

dI t
I t dt D t

dt
θ+ = −                1 2t t t≤ ≤  …(3) 

Where 2( )I t Q=  
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Fig 1: Graphical representation of the Mathematical Model 

During shortages interval [t2,T] of the inventory, the demand rate at time t is partially backlogged by 

a fraction 
1

1 ( )T tδ+ −
. Thus the differential equation representing the amount of demand backlogged is: 

( )

1 ( )

dI t D

dt T tδ
= −

+ −
                2t t T≤ ≤  …(4) 

Where 2( ) , ( ) 0I t Q I T= =  

We solve these equations and the calculate the different costs per cycle viz. holding cost, 

deterioration cost, shortages cost, opportunity cost and finally minimize the average total cost per unit cycle. 

Solving the equation (2) using equation (1) and the boundary conditions, we get 

( ) ( )( ( ))
( ) [1 ]θ β θ βα

θ β
− + − +−= − +

+
t tK p

I t e Qe  10 ≤ ≤t t  …(5) 

Solving the equation (3) for 1 2t t t≤ ≤  
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2
1

( )
( ) ( ( ) )

dI t
I t dt a t t b

dt
θ+ = − − +                          1 2t t t≤ ≤  …(6) 

Solving the differential equation and substituting the boundary condition 2( )I t Q= , we get 

2 2
2 22 2

( )
at at at at

I t Q
θ θ
− −= + +              …(7) 

Similarly solving equation (4) using equation (1) and the boundary conditions, we get 

2

2

1 ( )
( ) log[ ]

1 ( )

T t tD
I t

t

δ
δ δ

+ − +=
+

          …(8) 

Here, we have 21 ( )tδ+ >0. From Equation (5) and equation (7), hence, 

1 1

2 2
( ) ( ) 2 1 1 22 2( ( ))

[1 ]t t at at at atK p
e Qe Qθ β θ βα

θ β θ θ
− + − + − −− − + = + +

+
 …(9) 

From equation (7) and equation (8), we have 2( )I t Q= , i.e. 

/
2[1 ( )] 1Q De t

T
δ δ

δ
+ −=     …(10) 

We get the maximum amount of demand backlogged per cycle 

2( )S I t Q= =    ...(11) 

Inventory holding cost per cycle is as follows: 

1 2

10
. . [ ( ) ( ) ( ) ( ) ]

t t

h ht
H C C t I t dt C t I t dtγ γ= + + +∫ ∫      …(12) 

Deterioration cost per cycle: 
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Shortages cost per cycle 

2

. . [ ( ) ]
T

S t
S C C I t dt= − ∫     …(14) 

Opportunity cost due to lost sale per cycle is 

2
2

1
. . [ (1 ) ]

1 ( )

T

LS t
S C C Ddt

T t tδ
= −

+ − +∫     …(15) 

Hence total average cost per unit cycle is TCavg =TCavg (t1, t2,T) 

1
. . [ . . . . . . . . .]T C H C D C S C L S C

T
= + + +  …(16) 

From equations (12), (13), (14) and (15), the total cost is as follows: 
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4. Numerical Illustrations: 

The following numerical data has been used to find the optimal solution of the total cost and other 

parameters. The values of the parameters are: 

α = 46, β =3.4, K=165, θ=0.05, δ=0.03, γ=0.05, Ch=1.6, Cd=1.4, CO=0.6, CS=0.8, C=1.2, a=1.4, b=2.6, 

Q=17, D=15, N=200, G=5, H=0.04 

Using the above mentioned parameter values, the optimal production length t1=0.1641 unit time, the 

optimal shortages point t2=0.7283 unit time and the optimal length of the ordering cycle T=2.6574 unit time. 

The minimum average total cost per unit time T.C.=20.4213 

 

 

5. CONCLUSION 

An EPQ inventory model for decaying items with multi variate demand has been developed. The 

demand rate depends upon the present inventory level and selling price per unit and it is a decreasing 

quadratic function during deterioration and constant during shortages. Shortages are allowed with partial 

backlogging. Backlogging rate is inversely proportional to the waiting time for the next replenishment. 

Holding cost is linear increasing function of time. Finally numerical example and sensitivity analysis are 

given to validate the results of the production-inventory model. The system is solved using the mathematical 
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software MATHMATICA 5.2. This way, the whole research caters to put forward some aspects of an 

inventory model with some real world considerations and market deliberations. Therefore, the presented 

mathematical model is much more realistic and practical. 
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